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We show how the non-linearity of general relativity generates a characteristic non-Gaussian signal
in cosmological large-scale structure that we calculate at all perturbative orders in a large scale
limit. Newtonian gravity and general relativity provide complementary theoretical frameworks for
modelling large-scale structure in ΛCDM cosmology; a relativistic approach is essential to determine
initial conditions which can then be used in Newtonian simulations studying the non-linear evolution
of the matter density. Most inflationary models in the very early universe predict an almost Gaussian
distribution for the primordial metric perturbation, ζ. However, we argue that it is the Ricci
curvature of comoving-orthogonal spatial hypersurfaces, R, that drives structure formation at large
scales. We show how the non-linear relation between the spatial curvature, R, and the metric
perturbation, ζ, translates into a specific non-Gaussian contribution to the initial comoving matter
density that we calculate for the simple case of an initially Gaussian ζ. Our analysis shows the
non-linear signature of Einstein’s gravity in large-scale structure.
I. INTRODUCTION: THE GRADIENT
EXPANSION IN ΛCDM
Einstein’s general relativity provides a coher-
ent, causal framework in which to describe clas-
sical cosmological dynamics. ΛCDM cosmology
is a remarkably successful model for our ob-
served universe, based on a spatially-flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) spacetime con-
taining non-relativistic, collisionless (cold) dark mat-
ter (CDM) and a cosmological constant (Λ). While
the homogeneous and isotropic FLRW background
can be studied analytically (using relativistic or New-
tonian theory) the fully non-linear evolution of the in-
homogeneous matter distribution in ΛCDM cosmol-
ogy is usually studied using Newtonian N-body simu-
lations. These are used to make detailed predictions
for comparison against large-scale galaxy surveys. As
the scale and accuracy of these surveys, and hence
that required from numerical simulations, continues
to improve, there has been growing scrutiny of the
reliability of results derived from Newtonian gravity
[1–4]. In this letter we examine the characteristic sig-
nature of general relativity in the large-scale matter
density and hence the galaxy distribution.
Within ΛCDM cosmology the distribution of mat-
ter is described by a pressureless fluid. The relativis-
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tic and Newtonian descriptions of the fluid are very
similar if the appropriate variables are used. The
fluid is characterised by its density, ρ, and its mo-
tion, represented by kinematical variables related to
its velocity at every point; Θ describes the expansion
and σ its anisotropic deformation or shear. We ne-
glect vorticity to be consistent with the predictions
of inflationary cosmology at early times. If we work
in terms of the matter density seen by comoving ob-
servers, ρ ≡ Tµνu
µuν , and the expansion of the mat-
ter 4-velocity, Θ ≡ ∇µuµ, then the relativistic and
Newtonian evolution equations are formally exactly
the same [5, 6]. The continuity equation for the mat-
ter density is
ρ˙+Θρ = 0 , (1)
while the Raychaudhuri equation for the expansion
is
Θ˙ +
1
3
Θ2 + 2σ2 + 4piGρ− Λ = 0 , (2)
where a dot denotes derivatives with respect to
proper time of the comoving observers, correspond-
ing to a Lagrangian time derivative in the Newtonian
description.
The difference between Newton and Einstein for-
malisms becomes evident in the constraint equations.
At the heart of Newtonian gravity is the Poisson
equation
∇2pφ = 4piGρ , (3)
where ∇2p is the spatial Laplacian in physical coordi-
nates. This gives a linear relation between the grav-
2itational field, φ, and the matter density, ρ. In gen-
eral relativity the density and expansion are related
to the intrinsic curvature of the 3-dimensional space
orthogonal to uµ, denoted by (3)R. This is the energy
constraint equation from Einstein’s equations
2
3
Θ2 − 2σ2 + (3)R = 16piGρ+ 2Λ . (4)
For the homogeneous and isotropic (σ = 0) back-
ground, we have ρ = ρ¯(t) and Θ = 3H(t), where H is
the Hubble expansion. The evolution equations (1)
and (2) then become the familiar FLRW equations
˙¯ρ =− 3Hρ¯, (5)
H˙ = −H2 −
4piG
3
ρ¯+
Λ
3
, (6)
while the energy constraint (4) reduces to the Fried-
mann constraint,
H2 =
8piG
3
ρ¯+
Λ
3
, (7)
with (3)R = 0 for a spatially-flat cosmology. We
characterise this background model by the present
day value of the dimensionless density parameter
Ωm ≡ 8piGρ¯0/3H
2
0 .
Considering inhomogeneities about the FLRW cos-
mology, we have
Θ(t, xi) = 3H(t) + θ(t, xi) , (8)
ρ(t, xi) = ρ¯(t)
[
1 + δ(t, xi)
]
. (9)
and the inhomogeneous metric can be written in
comoving-synchronous coordinates as
ds2 = −dt2 + a2(t)e2ζ(t,x
i) γkjdx
kdxj , (10)
where a(t) is the cosmological scale factor and
γij(t, x
i) has unit determinant.
The specific initial conditions for ΛCDM cosmol-
ogy are set by a period of inflation in the very
early universe. In particular inflation produces an
almost scale-invariant distribution for the primor-
dial metric perturbation ζ in Eq. (10) [7]. This al-
lows us to consider initially small inhomogeneities on
large scales, and to perform a gradient expansion (or
long-wavelength approximation) [8–14], keeping only
leading-order terms, i.e., terms at most second order
in spatial gradients of the metric, in particular ζ. In
this approximation we have1 [15]
δ ∼ θ ∼ σ ∼ (3)R ∼ ∇2 , (11)
1 Equation (11) refers to quantities defined in comoving-
where ∇ is the spatial gradient in comoving coor-
dinates. We emphasise that δ, θ and (3)R contain
all orders in a conventional perturbative expansion.
They are leading-order quantities only in terms of
spatial gradients.
With this proviso δ and θ satisfy the simple evolu-
tion equations, from (1) and (2),
δ˙ + θ = O(∇4) , (12)
θ˙ + 2Hθ + 4piGρ¯δ = O(∇4) . (13)
These quantities are subject to the energy constraint,
from (4),
(3)R
4
+Hθ = 4piGρ¯δ +O(∇4) . (14)
Taking the time derivative of this equation and us-
ing the evolution equations for θ and δ we generalise
the well-known first-order result that the conformal
curvature,
R ≡ (3)Ra2 , (15)
remains constant in this large-scale limit [11, 16, 17],
i.e. R is a first integral of(12) and (13) .
II. THE RELATIVISTIC GROWING-MODE
FROM THE NON-LINEAR CURVATURE
The equations (12), (13) and (14) are well known in
perturbation theory: they are the same linear differ-
ential equations and constraint that can be derived at
first order in a conventional perturbative expansion
in synchronous-comoving gauge [15], or in a covari-
ant gauge-invariant fashion for corresponding quan-
tities [16]. Their solution is therefore formally the
same than in first-order perturbation theory. The
two independent solutions of these linear differential
equations are a decaying and a growing mode [18].
Thanks to inflation, the decaying mode is negligible,
so we focus on the the growing-mode solution. In the
large-scale limit we thus have [15]
δ = C(xi)D+(t) , θ = −C(x
i)D˙+(t), (16)
synchronous coordinates. In particular it is the comoving
matter density contrast, δ, that determines the growth of
large-scale structure [4]. The perturbed expansion θ and
the shear σ are the trace and traceless scalars of the defor-
mation tensor, which is equivalent to the extrinsic curvature
in our gauge. This curvature tensor is given by two spatial
gradients of the metric and thus both the perturbed expan-
sion and shear are of second order [14].
3where the growth factor, D+(t), is proportional to
the scale factor, a(t), in an Einstein-de Sitter (Ωm =
1) cosmology [19]. The growing-mode amplitude,
C(xi), is related to the conformal curvature on large
scales through the energy constraint equation (14)
evaluated at an initial time tIN early in the matter-
dominated era,
C(x) =
R
10a2INH
2
IND+IN
. (17)
The growing mode solution for δ and θ on large
scales, Eq. (16), has the same time dependence as the
first-order perturbative solution, thus it may referred
to as the linearly growing mode, however we remark
again that in our non-linear case R is only conserved
at leading order in our gradient expansion2; δ, θ R
and C here contain the large-scale part of all pertur-
bative orders.
In single-field, slow-roll inflation, the primordial
metric perturbation, ζ(t, xi), is predicted to have an
almost Gaussian distribution [20, 21]. Crucially, the
conformal curvature R, Eq. (15), is a non-linear func-
tion of the spatial metric in Eq. (10). Considering
only the scalar part of the initial metric perturba-
tion at leading order on large scales then the spa-
tial metric can be taken to have a simplified form3,
γij ≃ δij , and the conformal curvature R is then
a non-linear function of only the perturbation ζ in
Eq. (10). With γij ≃ δij the function a(t) exp[ζ(x)]
effectively acts as a local scale factor in the so called
“separate universe” picture corresponding to our gra-
dient expansion. R then represents the correspond-
ing local spatial curvature and takes a beautifully
simple and exact form [22]
R ≃ exp (−2ζ)
[
−4∇2ζ − 2 (∇ζ)2
]
≃ −4
[
∇2ζ +
1
2
(∇ζ)
2
− 2ζ∇2ζ −
ζ (∇ζ)
2
+ 2ζ2∇2ζ + . . .
]
. (18)
This expression is second-order in spatial gradients,
consistent with (11), but non-linear in terms of the
metric perturbation, ζ. Consequently, even if ζ is
2 In a conventional perturbative expansion, for pressureless
matter R is conserved at all scales at first order [16], but
at second order contains a time-dependent part that can be
neglected at large scales [15].
3 For scalar perturbations the non-Euclidean part of γij would
be of order ∇2, hence these terms would give contributions
to R of order ∇4.
described by a Gaussian distribution, its non-linear
relation to the curvature R leads to a non-Gaussian
distribution [23] for the comoving density contrast,
δ, determined by the amplitude (17) of the growing
mode (16).
At first order in a perturbative expansion we have
from Eq. (18)
R1 = −4∇
2ζ1 . (19)
Substituting this into the constraint equation (14) we
recover the Poisson equation (3), where we identify
the Newtonian potential in terms of the first-order
Ricci curvature and the inhomogeneous expansion in
the comoving-synchronous gauge
∇2φ1 = a
2
[
1
4
(3)R1 +Hθ1
]
= −∇2ζ1 + a
2Hθ1 . (20)
Using the full non-linear expression in Eq. (18), we
can write the conformal curvature in terms of ζ as an
infinite series
R ≃ −4∇2ζ +
∞∑
m=0
(−2)m+1
m!
[
(m+ 1) (∇ζ)
2
− 4ζ∇2ζ
]
ζm.(21)
It is this non-linear curvature which determines the
non-linear amplitude (17) of the growing mode den-
sity perturbation (16).
III. THE NON–LINEAR RELATIVISTIC
EFFECT ON STRUCTURE FORMATION
We wish to relate this density contrast to the ob-
served distribution of galaxies revealed by astronomi-
cal surveys. Although a full description requires com-
plex, non-linear astrophysics we can assume that in
ΛCDM cosmology, galaxies form in virialised dark
matter halos which are biased tracers of the under-
lying matter distribution on large scales [24]. In the
simplest model of spherical collapse in Einstein-de
Sitter, written in comoving-synchronous coordinates,
there is an exact parametric solution [18],
δ =
9(ψ − sinψ)2
2(1− cosψ)3
− 1 , (22)
t =
63/2
2R3/2
(ψ − sinψ) , (23)
which can be expanded term by term as
δ = CD+ +
38
21
(CD+)
2 + . . . . (24)
4where the linearly growing mode (16), with (17), is
given by CD+ = Ra/10 for Einstein-de Sitter in both
Newtonian theory and general relativity [4]. Halos
collapse when ψ = 2pi and the linearly evolved den-
sity contrast reaches a critical value δ∗ = 1.686. Thus
we can predict the number of collapsed halos (of a
given mass) at a given time in terms of the number
of peaks of the initial growing mode of the comoving
density contrast (smoothed on a given mass scale)
above a critical value [25]. Going beyond the spher-
ical collapse, this is the barrier crossing approach,
where halos form where the linearly growing mode
exceeds a critical value.
Note that it is the non-linear amplitude, C, of the
linearly evolved growing mode (16) which determines
the halo density and this is given by the full non-
linear conformal curvature, R in Eq. (18). In a gen-
eral relativistic description of spherical collapse [4] it
is thus the initial density contrast in the local comov-
ing matter, δ, that predicts the distribution of halos
[26] and as we have seen, this is non-linearly related
to the primordial metric perturbation ζ.
To understand the effect of this non-linearity on
structure formation, we consider a peak-background
split [24], where one decomposes a field into shorter
wavelength modes, which generate local peaks, and
much longer wavelength modes which modulate the
number density of peaks4. Note that, since we have
already made a gradient expansion in the above
(wavenumbers k < kmax), spatial gradients of our
“shorter wavelength” modes should still be small
(ksplit < k < kmax), and we will now drop com-
pletely all gradients of the very long wavelength
modes (k < ksplit).
For simplicity, from now on we shall assume
the simplest inflationary scenario where ζ is Gaus-
sian, focusing on the specific general-relativistic
non-Gaussianity introduced by the non-linearity of
Eq. (18) in the constraint (14). We can split
ζ ≡ ζℓ + ζs , (25)
where the longer and shorter wavelength modes are
independent for an initially Gaussian metric pertur-
bation. Substituting Eq. (25) into Eq. (18) we obtain
R ≃ exp(−2ζℓ)Rs +
4 exp(−2ζℓ − 2ζs)∇ζℓ∇ζs + exp(−2ζs)Rℓ,(26)
4 Equivalent conclusions can be obtained by studying the
distribution of peaks of the metric perturbation, setting
(∇ζ)2 = 0, or by studying the squeezed limits of higher-
order correlation functions of the density field [15].
where
Rs = exp (−2ζs)
[
−4∇2ζs − 2 (∇ζs)
2
]
, (27)
and similarly for Rℓ. Dropping all spatial gradients of
long-wavelength modes, ∇ζℓ, i.e., taking these modes
to define a locally homogeneous background, we find
that the spatial curvature due to short wavelength
modes is modulated such that R ≃ exp(−2ζℓ)Rs.
This is consistent with the interpretation that the
long wavelength metric perturbation is a rescaling of
the local background scale factor [21, 27–30]
a→ aℓ = exp(ζℓ)a . (28)
Hence the local amplitude of the growing mode of
the density contrast is also modulated (cf. (16) and
(17))
δ = exp(−2ζℓ)δs +O(∇ζℓ) . (29)
The non-linear effect of a long-wavelength overden-
sity, ζℓ > 0, suppresses the amplitude of shorter-
wavelength modes since ζℓ > 0 increases the local
effective scale factor, suppressing spatial curvature
and thus the density contrast.
We can compare Eq. (29) with local-type primor-
dial non-Gaussianity [31] in a Newtonian approach
where the amplitude of the linearly growing mode of
the density is determined by the Newtonian potential
φ = φ1+fNL
(
φ21 − 〈φ
2
1〉
)
+gNLφ
3
1+hNL
(
φ41 − 〈φ
4
1〉
)
+. . . .
(30)
If we split the first-order Newtonian potential into
longer and shorter wavelength modes φ1 = φℓ + φs
and drop the gradients of φℓ, we find
δ =
(
1 + 2fNLφℓ + 3gNLφ
2
ℓ + 4hNLφ
3
ℓ + . . .
)
δs + . . .
(31)
The modulation of the amplitude of smaller-scale
density fluctuations δs by the long-wavelength po-
tential, φℓ, modifies the halo density giving rise to
a strong modulation of the halo power spectrum on
sufficiently large scales, where φℓ remains finite even
though the long-wavelength density contrast is sup-
pressed, δ ∼ ∇2. This leads to a scale-dependent bias
in the distribution of galaxies on large scales [32, 33].
If we impose the same linear relation between ζ and
the Newtonian potential, φ = (3/5)ζ, that is valid
for first-order perturbations in the matter-dominated
era, then in single-field, slow-roll inflation fNL and all
higher-order coefficients are suppressed. This results
in an effectively Gaussian distribution for the Newto-
nian potential and hence (in Newtonian theory) the
5density field. However, expanding the exponential in
Eq. (29) and comparing term by term with the equiv-
alent Newtonian expression Eq. (31) we can identify
the effective non-Gaussianity on large scales in gen-
eral relativity
fGRNL = −
5
3
, gGRNL =
50
27
, hGRNL = −
125
81
, · · · (32)
More generally we find
f
(n) GR
NL =
1
n!
(
−
10
3
)n−1
, (33)
where we write the local expansion (30) as
φ = φ1 +
∞∑
n=2
f
(n)
NL (φ
n
1 − 〈φ
n
1 〉) , (34)
extending the previous result at second order for fGRNL
[15, 34, 36–39] to higher orders.
IV. DISCUSSION
Traditionally, primordial non-Gaussianity is de-
scribed in terms of the Newtonian gravitational po-
tential, φ [for example equation (34)], linearly re-
lated to the density field through the Poisson equa-
tion (3). On the other hand, inflationary predic-
tions are expressed in terms of the primordial met-
ric perturbation, ζ in Eq. (10). Our results, valid
in full non-linearity and at large scales, show how
the essential non-linearity of general relativity pro-
duces an intrinsic non-Gaussianity in the matter den-
sity field and hence the galaxy distribution on large
scales, even starting from purely Gaussian primor-
dial metric perturbations, generalising previous re-
sults in second-order perturbation theory [15, 34–40]
We also need a detailed modelling of observational
surveys, including all geometrical and relativistic ef-
fects, to fully disentangle effects of primordial non-
Gaussianity from intrinsic non-linearity in general
relativity [23, 26, 41]. Most studies of GR effects
on observations of large-scale structure have been re-
stricted to linear perturbation theory [42–45], but
there have been recent attempts to include non-linear
effects, see e.g. [46–51].
Alternative gravity theories may impose different
constraints between the primordial metric pertur-
bation ζ and the comoving density contrast δ, and
hence could in principle be distinguished by a differ-
ent galaxy distribution on large scales. This could be
an interesting approach to testing gravity on cosmo-
logical scales, complementary to existing work which
probes gravity through the growth of cosmic struc-
ture at late times [52].
Even within the context of general relativity the
constraint equation (4) could include additional con-
tributions due to other fields such as dark en-
ergy/quintessence. Fields which have a negligible ef-
fect in the background could still contribute to the
inhomogeneous perturbations, e.g., magnetic fields
or gravitational waves. In particular we have con-
sidered only the growing mode of scalar perturba-
tions at early times. Tensor metric perturbations
are decoupled from scalar density perturbations at
first order, but do contribute to the Ricci curvature
at second order, even in the large scale limit, and
hence could contribute to the non-linear density per-
turbation [53, 54], although this is expected to be
sub-dominant.
In summary, in this letter we have obtained for the
first time the fully non-linear general relativistic ini-
tial distribution of primordial density perturbations
in ΛCDM on large scales
δ =
exp (−2ζ)
[
−4∇2ζ − 2 (∇ζ)2
]
10a2INH
2
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D+(t) , (35)
an expression including all perturbative orders. This
fully non-linear relation between δ and ζ clearly
shows that, even for a Gaussian-distributed ζ, the
corresponding matter density field is non-Gaussian.
Assuming simple inflationary Gaussian initial con-
ditions in ζ, and using a peak-background split,
we have derived the corresponding specific general-
relativistic effective non-Gaussianity parameters,
Eq. (32) and Eq. (33), that results when a Newto-
nian treatment is used, i.e. a Poisson equation as
relation between δ and the Newtonian potential φ,
and a linear relation is assumed between ζ and φ.
Although Newtonian simulations are commonly used
to study the non-linear evolution of the matter den-
sity contrast δ, a relativistic approach is essential to
properly determine the initial conditions set by a pe-
riod of inflation in the very early universe. Thus we
have shown how Einstein’s gravity imprints a char-
acteristic signature in the large-scale structure of our
universe.
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